A Closed Integral Form for the Background Gauge Connection 
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By the appropriate use of the Fock-Schwinger gauge properties, we derive the closed integral 
form of the 'point-split' non-local background gauge connection originally expressed as a finite 
sum. This is achieved in the limit when the finite sum becomes infinite. With this closed integral 
form of the connection, we obtain the same exact results in the calculation of one-loop effective 
Lagrangian accommodating arbitrary orders of covariant field derivatives in quantum field theory of 
arbitrary spacetime dimensions and of arbitrary gauge group. Particularly, we display the one-loop 
effective Lagrangian for real boson fields up to 8 mass dimensions-the same result obtained when 
the connection was yet in the finite sum form. 



I. INTRODUCTION 



Methods for calculating the 1-loop effective Lagrangian 
based on the background field approach of Brown and 
Duff[[l] exist in the literature. Some of these meth- 
ods extend Brown and Duff's covariantly constant field 
strength restriction to include higher order derivatives in 
the formulation^, [|. Customarily, one begins by impos- 
ing covariant restrictions on the background converting 
the nonlocal equation satisfied by the Green function to 
a quasilocal one. An exactly soluble portion of the re- 
sulting Green function equation is then identified and 
its solution is used as basis of a perturbative solution. 
This can be done in the strongbut slowly-varying back- 
ground field approximation (J, g for then one can claim 
that invariants involving higher order covariant deriva- 
tives of the field strength tensor are significantly smaller 
than those with lower order derivatives of the same mass- 
dimensionality. 

It is important to include higher derivative correction- 
s in the formalism since it has already been demonstrated 
P| that the bare Lagrangian for higher dimensional field 
theories should include invariants of higher dimensions 
in order to achieve renormalizability. Also, the effective 
Lagrangians of nonabelian field theories necessarily in- 
cludes higher derivatives of the field. The accommoda- 
tion of these has been achieved in a recent paper via 
the general form of the background gauge connection ex- 
pressed as a finite sum of n covariant differentiations of 
the field strength tensor. In this paper, we will review 
some aspects of the background field formalism, particu- 
larly the background gauge connection expressed in terms 
of the field strength tensor, and its n covariant deriva- 
tives in finite sum form. From these, we will show that 
in the completely non-local limit when the finite sum be- 
comes infmite-the background gauge connection may be 
expressed in a closed integral form by the appropriate use 
of the Fock-Schwinger gauge properties. We will obtain 
the same results as it was derived when the background 
gauge connection is yet in its finite sum form. 



II. THE BACKGROUND FIELD APPROACH 

In the background field method, the original La- 
grangian, C(4>), is expanded in <fi about 

5C 



£(0 + A) = C{A)+ — 

0<f>i 

1 S 2 C 



1=A 



(1) 



where A is the classical background relative to which 
quantum fluctuations of the field <p are measured. By 
appealing to the classical equation of motion for the 



background|, [§, 
becomes 



<j>=A 



= 0, the effective Lagrangian 



where 



2 6<f>i Sqbj 



A) = C(A) + — In / d[4>] exp/ d u x L (2) 



(3) 



<p=A 



is bilinear in the quantum fields that governs the one- 
loop effects. Eqn (||), then, prescribes the calculation of 
the effective Lagrangian, L c ff, 



-eff 



£(0) + £(D 



(4) 



up to one- loop expansion. In comparison with (Q), the 
first term on the right-hand side is the classical La- 
grangian with the classical background as its argument, 
while the second term represents the one-loop quantum 
correction. The effective Lagrangian (ji)) serves as a gen- 
erating functional of the proper functions. It is an im- 
portant tool in the renormalization process since it can 
lead to an ultraviolet finite field theory. 

In particular, for real boson fields <f>i in D-dimensions, 
the most general form of the bilinear Lagrangian ([5]) is 
given by § § 1 1 



(5) 
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where W, N, and M are external space-time dependent 
source functions which, through adding total derivatives 
to C, may be chosen to have (anti)symmetry properties: 

W% = W% = W» t Nj? = -N», Mv = M ji . 

Throughout this paper, we will be working in flat Eu- 
clidean D-dimensional spacetime metric (5 M „ with all in- 
dices lowered, in which 

W*=-5r,fi, 5w=D, and S u = n. (6) 

The bilinear Lagrangian (|5|) can be rewritten in the 
manifestly covariant formQ 

L = ^{V 2 + X)<f>, (7) 

if one form the tensor quantities 

X ee M-AyV„ (8) 
V ee N V 0-Np, v + [N„N v ] (9) 

which together with (f> transforms according to 

X ► e A( 1 ) Jfe -A(x) i etc ^ ^ 1Q j 

for some arbitrary antisymmetric matrix A 1 - 7 (x) . Here, 
the covariant derivative is defined by 

EE d^ + Nrf, (11) 

V^T ee d M T+[N M ,T\, (12) 

where T represents any of the tensors Y and X, and 
their covariant derivatives. The background-dependent 
potential term X may be chosen so that it transforms 
covariantly. The field strength tensor is defined in 
terms of the background gauge connection N^A) by (||). 
The one-loop effective Lagrangian is calculated from the 
coincidence limit of the two-point (Green) function asso- 
ciated with the bilinear Lagrangian (0),[jll) 

G{x,x') = { ( jP{x) ( j> k {x')) 

J d[<t>] <j>> (x)cj) k (x') exp / d D x \(f> {V 2 +X)4> 
~ J d[<t)} exp jd D x\(f> (V 2 + X)<j> ' 

(13) 



The right-hand side is simply the second term in (|2|) , after 
making functional differentiation. The Green function 
( |l3| ) satisfies the differential equation 



+ N^(x)f + X] G(x, x') = (4>{x)4>{x')) 

= -5(x,x'). (14) 



Provided one can find some way of solving this non- 
local equation, the one-loop correction to the effective 
Lagrangian is given by[pd| 



£« = -Tr / dX G(x,x'). (15) 



Various schemes have been devised to address this non- 
local problem. § g || || || || 0, @ 

III. CLOSED FORM OF THE POINT-SPLIT 
NONLOCAL CONNECTION 



We now come to the main result of our paper. We shall 
solve (|l^) in a similar scheme except that the background 
gauge connection from its finite sum form is expressed in 
the closed integral form. 

Recently, it was shownQ that the general form of the 
background gauge connection is given by the finite sum 



+ Y.-nhy^ lY ^))^°^- x ') q ( 16 ) 



provided that V n Y — 0. Here, A(x) is some antisymmet- 
ric matrix. The notation used is 



V 



,V^{AoB)^ 



A 



B 



Ml/ i 2---MpMp+l---/ x g 

B„ 



if p < q. 
if p > q. 



We shall now show that in the completely non-local 
limit n — > oo of (|l6| ) may be expressed in a closed in- 
tegral form appropriate for the 'point-splitting proce- 
dure needed in the calculation of the two point function 



G(x,x') in (|l5|). Once this Green function is obtained 
up to a certain order in derivatives, the 1-loop effective 
Lagrangian C^' can be determined from its coincidence 
limit. 



3 



If we use the gauge transformation 

JV„ - e A(K) (^ I +iV Al )e- A(a:) (17) 
2? 9 F(x) -» e A(a;) I? 9 r(x)e- A(a:) (18) 

we are brought to the so-called Fock-Schwinger gauge 
(with respect to a fixed point x') whose fundamental 
property is given by 

(x ~ x') ■ N(x) = 0. (19) 

Differentiating this with respect to x, we obtain 

N^x) + {x- a/)ndvNp(x) = (20) 

Repeated differentiations with respect to x yields the 
general property 

(x - x') n+1 o V n N(x) = 0, (21) 

which implies that 

(x - x'Y o WY^x) =(x- x'yd q Y^(x). (22) 

By assuming that the quantities V p Y(x) and d p Y{x) 
are regular at x' , it can be shown |l2"| that the previous 
equation ( p2|) implies 

(x - x'f o VP Y^ix') = {x- x'fd p Y^{x') (23) 

where 

d p Y, u {x') = [d p Y^(x)] x=x , . (24) 
The field strength tensor at the spacetime point z is 



WW «"„(,> 



dz v 



Multiplying both sides by —{z — z') u , 



(z - z') u Y lxv (z) = -{z-z') v 



8N v {z) 



dz L 



■(z-z%[N„N vi 



OZy 



(26) 



and applying the properties fll9| ) and (|2C|) of the Fock- 
Schwinger gauge to the second and first terms of the 
right-hand side, respectively, we obtain 

BN (z) 

(z-z%Y^z) = N,{z) + (z-z% d{z ^J v (27) 

To obtain the desired closed integral form of JV M , we 
rescale the manifold through 



z = ax. 
Equation (p7|) becomes 



(28) 



Nfj,(ax) + a(x - x') v 



dN^ax) 



d[a(x — x') v ] 
a{x-x') u Y^{ax). (29) 



It is implied that in the 'point-splitting procedure, f(x) 
is equivalent to f(x—x') for some arbitrary fixed reference 
point x' . The left-hand side of ( p9| ) can be written as a 
total differential with respect to a: 



da 



[aN^ax)} 



»r / x dNJax) d , . .„„. 
N tl {ax)+a ' — (ax v ) (30) 



where the point x is 'point-splittcd first into x — x' before 
applying partial differentiation by chain rule to recover 
the left-hand side of (29). Upon integrating j2S| ) and ( |30| ) 
over a, 



f 1 d 

/ da — [aNJax)] 
Jo da 



da a(x — x') v Y^ v {ax). 



(31) 



(32) 



We find the closed form for the connection 

N)j,(x) — / da aY fJiU (ax)(x — x') 
Jo 

which already anticipates the point-splitting || proce- 
dure to the spacetime points x and x' . This can be ex- 
panded to any order since the Y vll {ax) can be expanded 
in a Taylor series 

Y VIM (x') = e^'>v* [Y^(x)} x=x , = eWD-Y^ix'). 

(33) 

This is simply an infinite series in powers of x — x' . 
Thus, a rescaling of the manifold x — > ax will not affect 
the coefficients of expansion. We can then write Y Ufl as 

Y^(ax) = e a ^- V - [Y^(x')} = e a ^'> d - [Y^(x')] 

(34) 

where in the last step, we have used the Fock-Schwinger 
property. Eqn (j3^) and ( j34| ) is an alternative expres- 
sion for N^i^x) in (16), which can be evaluated to any 
desired order of the derivatives. Formally, this alterna- 
tive nonlocal expression for N^(x) may be substituted 
into the Green function equation (13) that satisfies 
dTi]), in which (|l5|) may then be solved using various 
methods. |, |, §y, g [l| 0, For instance, if 
one sets the first covariant derivatives of the field strength 
tensor while retaining the first covariant derivative of the 
matrix potential, 



VpYfw = and V p X = 



(35) 



then, if one follows the momentum space techniques of 
Refs [§ and §, Eqn (|f) becomes 



£(1 -2(27F Tr /^^WB^W G «^)) 9 ' 



2(2tt) 
where 0, ^ 



(36) 
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G (p) = J^ ds expjxs + itrlnsec(iYs) + (DX)-(iY)- 3 [taa(iYs) - iYs]-{VX) 
+2i(VX)-Y- 2 [1 - sec(iYs)]-p + -p-Y-^iY- 1 t&n(iYs)-p^ . 



(37) 



r 



The leading term (q = 0) of ( p6|) is 
A (p)G (p) = -1, 
which is analogous to (fi~4|). Here, 

d 

A (p) = -If+X-Y^pr— 

Op v 



d 



l. 



(9 2 



(UK 



To recover the free Euclidean propagator 
lim G (p) = -j— — j ■ 



(38) 



(39) 



one simply switches the background off , i.e. — > 0, 
X^-m 2 . 

The succeeding terms when q > in (|3^) can be cal- 
culated from the exact result (|37]). This then provides 
the unrestricted Green function G that accommodates 
all covariant derivative corrections through the pertur- 
bative expansion 

G( P ) = -(A (p) + AiCp))" 1 

OO 

= G (p) X>i(p)Go(p)) 9 , (41) 

9=0 



(40) where A\(p) is the nonsoluble part of the operator Q 



Ax(p) 



n-1 



<9 



3(-») 2 +"(l + g) 
(2 + 9)! 



dp 



-E 

9=1 



2(-^(l + g) 
(2 + ?)! 



-p- 



off 

dp. 



•££(l-<5nA ) 

r— 1 q— 1 



H) 2+r+g (i + r)(i + g) 

(2 + r)!(2 + g )! 

I 



dp. 



l+r 



8 x 



(42) 



appearing in the (pq), i.e.,A(p) = Ao(p) + Ai(p). For coincidence limit of the 2-point function in coordinate 

strong and slowly varying background fields, Ai <C Ao space. Corresponding to the leading term (q = 0) in ( |3^ ) 

the expansion ( pH|) is assured to be convergent. The 1- with ( |37| ) may be shown to be 
loop effective Lagrangian (130) is then calculated from the 



(i) 



± 



2(4tt) c / 2 



Tr 



ds s 



-D/2 —wTs 



e +sX e 



iYs)-X 



(43) 



r 



where X in (|37j ) is replaced with X = — to 2 + A" and 
Xo represents the zero reference of the background po- 
tential X. Note that the covariant derivatives of Y^„ is 
absent from this result. The 1-loop effective Lagrangian 
derived by Brown and Duffjl]] and the Lagrangian of 
Schwingerp9| come as special cases of (ff3|). Brown and 



Duff's result, for instance, does not involve T>X while 
that of Schwinger is g ood only for QED. Because of our 
closed expression (|3^) to ( ^i| ) for N^x) the one-loop ef- 
fective Lagrangian (|43|) can now be evaluated to any de- 
sired order of the derivatives but the ensuing proper time 
(s) and momentum (p) integrations are expected to be- 



come more and more tedious. Here we simply display mass dimensions that can be extracted from (|4 
the one-loop correction to the effective action up to eight 



2(Att) d / 2 
r(2-D/2) 



m 4 


— D 


r(3- 


D/2) 




-D 


r(4- 


D/2) 


771 8 


-D 



m 2 D 

-(X 2 - X 2 ) + — Yp V Yp V 

1 3 „ 1 1 1 1 

— (X — X ) — —X.nX.n + —XY^Y^v — —Ypv.uYpp.p — -^^Yp V . p Yp V . p 

1 



— (A" 4 - X£) + —X 2 Yp V Y llu 



1 



(44) 



Our formulation is quite general in that it is done in ar- 
bitrary number of covariant field derivatives, in arbitrary 
spacetime dimensions, and in arbitrary gauge, but still 
confined to the one-loop approximation. We will general- 



ize further, in a future paper, by extending this one-loop 
effective Lagrangian calculation to arbitrary number of 
loops. 
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